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Parameter De-Embedding Accuracy Dependency

Upon Material Sample Dimensions
A. Park and Allen Dominek

AfMraCt-’l Ite SeItSltlVlty 01 ttte sample ttt m rectangular
waveguide fixtures is examined for constitutive parameter de-
embedding. The sensitivity is characterized through a percent
error figure between the de-embedded and known parameter
values when an air gap exists between the sample and the side
walls of the fixture. The de-embedding process assumed a com-
pletely filled waveguide in which rigorously calculated S pa-
rameters for material sample air gaps in either the E or H plane
walls of the waveguide were used. The presence of an air gap
was very noticeable for a E-plane gap. Commonly used gap
correction factors provided limited improvement in reducing
air gap related errors.

I. INTRODUCTION

A VARIETY of techniques are available for de-embed-

ding the constitutive parameters from a material

sample [1]. One of the most useful approaches involves

the transmission line concepts for single mode operation.

This approach has become convenient with the advent of

automatic network analyzers for broadband results [2].

Two common fixtures for this approach utilize coaxial or

rectangular cross sections. A concern for these fixtures is

that the sample should have a good cross sectional fit to

avoid any air gaps between the sample and fixture. The

limitation of having a poorly fitting sample arises in that

the measured responses are not necessarily the anticipated

responses.

The presence of air gaps may even be desirable for very

high temperature measurements due to sample expansion.

Preparing a sample to properly fit at ambient temperatures

most likely results in a very tight fitting sample at elevated

temperatures. This often results in unremovable samples

after the measurement without destroying them. Allowing

an appropriate air gap at ambient temperatures can relax

this inconvenience. However, the need to correct for de-

embedded constitutive parameters in the presence of sam-
ple air gaps exists for temperatures between the ambient

temperature and the highest temperature of interest.

A study is presented to demonstrate the effect of the

presence of canonical air gaps between the sample and

fixture walls. The air gaps examined are shown in Fig. 1
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Fig. 1. Illustration of evaluated cross sectional air gaps. (a) H-plane. (b)
E-plane.

for material samples with complex constitutive parame-

ters. Air gaps for actual material samples are not as sim-

ple as these canonical air gaps but their effect can be char-

acterized by these canonical air gaps. This study yields

parameter errors for de-embedded parameters using cal-

culated reflection and transmission responses with known

air gaps. The de-embedding expressions used to obtain

the parameters were based upon a completely filled cross

section to demonstrate the significance of air gaps. The

calculated reflection and transmission responses were

generated from moment method (modal matching) solu-
tions.

Additional comparisons are also made to determine the

effectiveness of known expressions to correct the error as-

sociated with an air gap [3], [4]. Other works [5]–[7] have

also considered the use of these correction factors. Only

[5] demonstrates the accuracy of three expressions for

E-plane gaps based upon measurements. In this work,

both H and E plane gaps for rectangular waveguide sam-

ples are considered.
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II. PROCEDURE

A general moment method solution for the reflected and

transmitted fields of a partially filled, finite length rectan-

gular waveguide section was created. This solution pro-

vided convenient numerical results for the necessary fields

involving air gaps of any size. These results were then

used in the explicit expressions for the de-embedding of

material parameters when the cross section is completely

filled. These de-embedded parameters were normalized to

the values initially used to generate a percent error value.

The percent error values are defined as

Xext – x,x,
%Error= x -

exa

(1)

where X~Xt and X~X~represent either the real or imaginary
co-mponents of the de-embedded and exact parameters, re-

spectively.

The notation for the relative constitut ive parameters are

the traditional symbols of e, for permiittivity and p, for

permeability. As shown in Fig. 1, the cross sectional di-

mensions of the waveguide are given by a and b with the

material thickness given by t.The sample length is de-

noted by d.

A. De-Embedding Expressions

The common expressions used to de-embed the relative

constitutive parameters from waveguidle reflection (S11)

and transmission (S21) measurements are given below:

I+r’ho—— —
~r–l–r Axo

and

‘r=($+*):

(2)

(3)

where

with

~?l – 21 ,
K=

S2+1

2s~~

1

[- 1112
-5=”A 2~d *n ~

and

(5)

(6)

(7)

where ho is the free space wavelength for the desired mea-

surement frequency. The quantities, I’ and P, correspond
to the reflection coefficient from a semi-infinite material

interface and the propagation factor for a wave in the ma-

terial. Note that the sign in (4) is chosen to insure II’ ( s

1, and that In (1 /P ) is moduloj 2mz where n is the integer

of (d/Ag ) (Ag is the guide wavelength in the filled portion

of the guide). The proper value of n can be estimated with

the integer value of
--

(8)
~ All J

where @‘ is the derivative (slope) of the phase for the

propagation factor P with respect to frequency and ~ is

frequency.

These expressions are limited to the existence of only

one mode in either the unfilled or filled portions of the

sample fixture. Under ideal conditions, no higher order

modes can be excited in the filled portion even when their

cutoff frequency is below the measurement frequency.

B. S-Parameters

The S parameter expressions for a material sample in a

completely fill ed rectangular waveguide with only cme

propagating mode in each region are very simple and are

given below:

and

with

and

where

u – r2(~r, p,)) P(cr, I+)
(lo)

’21 = (1 – P2(E,, P.) r% Mr))

(111)

Jprxo_l—
c, xl

r=

r

(12)

pr~+l—
Cr xl

X. = N/l – (AO/2a)2 and xl =

J1 - [(Ao/2a &p;)]’.
The presence of an air gap as shown in Fig. 1 may al-

low several prc~pagating modes to exist in the filled pcm-

tion of the waveguide and equally as important, evanes-

cent modes have to be considered to satisfy the boundary

conditions at the sample interfaces along the length of the

guide. The field solutions for these two geometries were

generated using a two step process. First, a modal match-

ing was performed for a single semi-infinite air-material

interface as shown in Fig. 2 to generate the complete scat-
tering matrix, s,]. The fields in each region were expanded

using entire basis functions as was done in [8], [9] for the

different cross sectional geometries. The required propa-

gation constants for the filled regions were numerically

found through solving the pertinent transcendental equa-

tions [10],, [11].
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Fig. 2. Waveguide regions,

The second step utilized a self-consistent formulation

[12] with the scattering parameters for the semi-infinite

case to provide the reflection and transmission responses

of a finite length sample by considering all the interac-

tions between the two sample faces. The appropriate self-

consistent expressions are

L$l = [s,~]+ [SJ [P] [SZ2] [P]

“ (z– [s22] [z’] [s22] [ZJ])-1[S21] (13)

and

S21 = [S12] [P] (z – [S2Z] [P] [s22] [P]) -’[s2~]. (14)

The diagonal matrix, [P], is the modal propagation ma-

trix where each element corresponds to the propagation

factor for each mode. The details for the complete solu-

tion are provided in [13]. The solution has been confirmed

through several measurements involving partially filled

rectangular waveguides.

C. Air Gap Correction Expressions

The presence of a narrow air gap can allow first order

correction factors to be used in an attempt to improve upon

the accuracy of de-embedded parameters. Correction

expressions in [3], [4] for an E-plane air gap are based

upon the effective capacitance of two series “capacitors. In

this approach, the measured e, is related to the effective

capacitance for a parallel plate capacitor with plate sepa-

ration distance of b. A corrected c, value can be obtained

by solving for the ~, value of the modeled capacitor filled

with the material of unknown parameter value. The form

of the given expressions in [3], [4] is quite complicated

since they are presented in rectangular form. The Appen-

dix demonstrates the derivation for the ~ case.

The correction factors of the parameters for both E- and

H-plane geometries are given below:

H-Plane
, \

2E: –
( )

l+cos~t
a

c_
Er — (15)

l–cos~t
a

p y

‘;=a–p~(a–t)
(16)
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Fig. 3. Calculated S,, (solid) and S,l (dashed) for varying t with c, = (4.0,

–j.20), ~, = (1.2, –j.12), d = .156” and~= 10 GHz. H-plane geometry.

E-Plane

(17)

71

l–cos–t
a

where the superscripts m and c refer to measured and cor-

rected values, respectively. These expressions were de-

rived by considering effective capacitors and magnetic re-

sistors in series or parallel connections.

III. RESULTS

The first set of figures demonstrate the reflection and

transmission responses as a function of material thick-

ness, t.Figs. 3 and 4 demonstrate the effect for H and

E-plane material samples, respectively, at 10 GHz for a

X-band waveguide (.4” x .9”). The sample is d = .156”

long with ~, = (4.0, –j.20), p, = (1.2, –j.12). Note that

the H-plane sample is rather insensitive to any air gap

while the E-plane is very sensitive for any small gaps as

expected. This behavior is invariant even for magnetically

dominated material.

The next set of figures are normalized percent errors for

the direct de-embedded corrected constitutive parameters

for the responses shown in Figs. 3 and 4. The direct pa-

rameter values were obtained from (2) and (3) and the

corrected parameter values were obtained from (15)

through (18). Figs. 5 and 6 pertain to 6, and p, values,

respectively, for an H-plane air gap. Figs. 7 and 8 pertain
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Fig.4. Calculated S1l(solid) and S21(dashed) forva~ing twith~, =(4.O,
–j.20), p. =(1.2, –j.12), d= .156’’ and$= 10 GHz. E-plane geometry.
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Fig. 5. Normalized percent emorine, for a partially filled waveguideof

thickness fatlOGHz with e.= (4.0, –j.20), pr= (1.2, –j.12)andd=
.156”. H-plane geometry. Solid-direct, dashed-corrected values.

to ~, and ~, values, respectively, for an E-plane air gap.

As stated earlier, the reflection and transmission re-

sponses were generated using (13) and (14) and the mo-
ment method results for the actual air gap geometries.

These figures demonstrate the influence of an air gap on

the de-embedded parameters and the limitations of the

correction factors. The H-plane correction factors ac-

tually degraded the accuracy of de-embedded parameters
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Fig. 6. Normalized percent error in p, for a partially filled waveguide of

thickness tat10 GHz with q = (4.0, –j.20), w = (1.2, –j.12) and d =
.156”. H-plane geometry. Solid-direct, dashed-corrected values.
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Fig. 7. Normalized percent error in e, for a partially tilled waveguide of
thickness tat 10 GHz with C, = (4.0, –j.20), p, = (1.2, –j.12) and d =

.156”. E-plane geometry. Solid-direct, dashed-corrected values.

while the E-plane correction factors did improve the pa-

rameter accuracy for very thin air gaps. As can be ex-

pected, the usefulness of the correction factors readily de-

grade when the constitutive parameter values increase

from the values used here.

The final set of figures are normalized percent errors
for the direct de-embedded and corrected constitutive pa-

rameters for responses with a material sample air gap of
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Fig. 10. Nomalized percent emorinp, foran.002'' airgapalong theshoti
wall forarectangular guide withc, = (4.0, –j.20), p, = (1.2, –j,12) and

d= .156”.

Fig. 8. Normalized percent error inp, fora partially filled waveguideof

thickness tatlOGHzwith ~,= (4.0, –j.20), p,= (1.2, –j.12)andd=

.156”. E-plane geometry. Solid-direct, dashed-corrected values. H-plane geometry. Solid-direct, dashed-corrected values
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Fig. 9. Normalized percent error in.s, for an .002’’ airgapalong the short
wall forarectangular guide withe, = (4.0, –j.20), p, = (1.2, –j.12) and
d= .156''. H-plane geomet~. Solid-direct, dashed-comected values (both
overlap).

Fig. 11. Nomalized percent emorine, foran.002'' airgapalong the long
wall forarectangular guide wither = (4.0, –j.20), Y, = (1.2, –j.12) and

d = .156”. E-plane geometry. Solid-direct, dashed-comected values.

the correction factors to be useful as a function of fre-

quency is limited as shown in these figures since they were
based upon static approximations.

Naturally, these results for this one material parameter

set does not completely characterize the potential error

that can be experienced due to an improper fitted sample.

However, it does represent the typical errors due to air

.002” between 8 and 12 GHz. Figs. 9 and 10 illustrate

the percent error for G and V, with an H-plane geometry,

respectively. Figs. 11 and 12 illustrate the percent error

for t, and p, with an E-plane geometry. The relative con-

titutive parameters were again ~, = (4. O, –j.20), p, =

(1.2, –j. 12) with d = .156”. As expected, the E-plane

sample geometry experienced more error. The ability for
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Fig. 12. Nomalized percent emorinp, foran.002'' airgapalong the long

wall forarectangular guide with~, = (4.0, –j.20), ~, = (1.2, –j.12) and
d= .156’’ .planegeometryry. Solid-direct, dashed-corrected values (both

overlap).

gaps and this error is of the same order as other errors

(such as hardware and calibration accuracies) which can

occur in broadband measurements.

IV. CONCLUSIONS

Asmall H-plane airgapin a material sample isessen-

tially insignificant. The same can not be said for an

E-plane air gap where the electric field of the dominant

mode is normal to an air gap interface. The same results

also occur when the material has V, values significantly

different from unity. Extending these results to a material

sample for a coaxial fixture indicates that significant error

can also be experienced. This extrapolation is based upon

the orientation of the electric field with respect to any po-

tential air gap interface.

The correction of de-embedded parameters due to the

influence of air gaps using static models is of limited

value. This approach appeared to have no real overall im-

provement capability in achieving a better estimate for the

de-embedded parameter values. Actually, greater error

usually resulted. Attempting greater accuracy through us-

ing a one mode expansion for the solution of the reflected

and transmitted fields in place of the expressions given in

(9) through (12) for the two canonical geometries does not

help. The H-plane one mode approximation reduces to the

completely filled result while the E-plane approximation

requires at least three modes for satisfactory results based

upon the numerical values of the modal propagation con-

stants in the partially filled regions. The de-embedding of

constitute parameters in the presence of known air gaps

appears to be confined through an iterative search using

measured and calculated reflection

sponses for a given geometry [13].

APPENDIX
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and transmission re-

The static correction approximation for estimating the

c constitutive parameter values for both generic partially

filled geometries is derived here. A similar procedure is

used to determine the correction approximation for p us-

ing magnetic circuit resistances. The simplest derivation

is for the E plane approximation where two series capac-

itors are assumed. The circuit expression for this case is

(19)

where C = (6A /lz) is the capacitance for each region with

A being the surface area of the effective capacitor and h

being the material thickness. The subscripts d and o refer

to the actual dielectric values for the filled and air gap

regions, respectively and m refers to the assumed capac-

itance from the de-embedding procedure. Reducing the

above expression yields the expression given in (17).

The H-plane expression is slightly more involved since

the field distribution is not the same across both faces of

the effective capacitors. In this case, there are two capac-

itors in parallel as expressed below.

cm = cd+ co. (20)

The desired expression shown in (15) for the H-plane

result was obtained by calculating the charge, Q, and plate

voltage, V, for each effective capacitor, C = (Q/V) as-

suming an electric field distribution of E. = EO sin

(m/a)x. The charge for the total configuration was cal-

culated by

!
t

~
a

Q=ed Exa!x+eOd Exdx (21)
o t

which yields

Q=-’d:EO[cOsH
—

[ 1eOd~EO–l–cos Tt . (22)
T a

The charge expressions for the individual regions follow

the same procedure. The effective average voltage for all

three capacitors is simply

o=~
!~

Ex ah dy (23)
axy

which reduces to ? = (2/m) bEO. Inserting these expres-

sions into (20) results in (15).
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